State-independent quantum violation of noncontextuality in four dimensional space 

using five observables and two settings 
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Recently, a striking experimental demonstration [G. Kirchmair et ai, Nature, 460, 494(2009)] 
of the state-independent quantum mechanical violation of non-contextual realist models has been 
reported for any two-qubit state using suitable choices of nine product observables and six different 
measurement setups. In this report, a considerable simplification of such a demonstration is achieved 
by formulating a scheme that requires only five product observables and two different measurement 
setups. It is also pointed out that the relevant empirical data already available in the experiment 
by Kirchmair et al. corroborate the violation of the NCR models in accordance with our proof. 
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Ever since the advent of quantum mechanics(QM), a 
central issue concerning its foundations has been that 
about a possible incompleteness of QM, and as to what 
constraints any realist model of quantum phenomena has 
to satisfy in order to be compatible with the empirically 
verifiable predictions of QM. In this regard, of course, 
the seminal breakthrough was made through the discov- 
ery of two celebrated theorems, one of which showed an 
incompatibility between QM and the local realist mod- 
els(Bell's theorem [lj), and the other one proved that 
the noncontextual realist(NCR) models are inconsistent 
with the formalism of QM (Bell-Kochen-Specker(BKS) 
theorem @, El). 

It is, however, interesting that while the former has 
been subjected to experimental scrutiny for more than 
about three decades, the experimental studies related to 
the latter got started just about a decade back leading to 
a resurgence of interest in probing the issue of quantum 
contextuality to a greater depth. In particular ,of late,a 
flurry of experiments have been reported^ H, [E 0, HLM 
[ToL I20L I2l1. based on a rich va riety of proposals(see, for 
exampleTIH El El EI EI EE Ej Ell) , that seek to fur- 
nish with increasing accuracy and generality the demon- 
strations of quantum violation of the NCR models. This 
line of study has culminated in the recent experiments 
which have been able to provide a state-independent test 
of NCR models using a pair of trapped ions lion and using 
single photons Given the fundamental importance 
of these latest experiments, it should, therefore, be in- 
teresting to probe the question as to whether a simpler 
variant of these experiments with lesser number of ob- 
servables and measurement setups would suffice to show 
in a state-independent way a significant amount of quan- 
tum violation of the NCR models. This is what precisely 
this report achieves by using an appropriate input based 
on the notion of noncontextuality. 

The feature characterizing the NCR models that is 
used in our subsequent argument can be expressed as 



follows: For an individual measurement, the definite out- 
come obtained for an observable(say, A), as specified by 
a given hidden variable A, be denoted by v(A). Now, 
let B be any other commuting(comeasurable)observable 
whose measured value in an individual measurement, as 
fixed by the same given A, be denoted by v(B). Then, 
if one denotes an individual outcome of a measurement 
of the product observable AB by v{AB) which is deter- 
mined by the same value of the hidden variable A, the 
notion of noncontextuality (i.e., the condition that the 
predetermined individual measured value for a given A 
is the same whatever be the way the relevant dynamical 
variable is measured) implies that, for a product observ- 
able, the following condition known as the 'product rule' 
given by 



v(AB) = v(A)v(B) 



(1) 
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holds good independent of the experimental proce- 
dure(context) germane to measuring AB in a holistic 
way, and is also independent of the measurement con- 
texts pertaining to the individual measurements of A and 
B separately. 

The above feature of noncontextuality was invoked by 
Mermin[ll[ in order to formulate a remarkable proof 
of quantum incompatibility with the NCR models for 
two spin-1/2 particles that applies for any arbitrary 
state. However, Mermin's proof|ll| relied on ascribing 
outcomes to dynamical variables with infinite precision 
for measurements using the required experimental align- 
ments. Thus, in order to be amenable to experimental 
scrutiny, Mermin's proof required to be reformulated by 
taking into account the inevitable imprecisions involved 
in actual experiments. This was achieved by Cabellofljj 
by adapting Mermin's proof in a way leading to an in- 
equality couched in terms of the statistically measur- 
able quantities. This inequality (henceforth referred to 
as Mermin-Cabello(MC) inequality) was derived by us- 
ing the 'product rule' given by Eq.(l) and, importantly, 
the quantum violation of this inequality by a finite mea- 
surable amount holds good for any arbitrary two-qubit 
state. 

Subsequently, the quantum violation of MC inequal- 
ity has been experimentally corroborated using a pair of 
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trapped ionspij and using single photons (HI . A key fea- 
ture of this demonstration is that it involves nine product 
observables(each such product observable being a prod- 
uct of observables that pertain respectively to particles 
'1' and '2') and six different measurement setups. Each 
of these setups pertains to the measurement of an ob- 
servable which is, in itself, a product of three mutually 
commuting observables that are suitably chosen from the 
set of nine product observables invoked for the purpose 
of this experiment. Thus, a natural question that en- 
sues is whether it is possible to furnish a considerably 
simpler version of this demonstration through lessening 
of both the number of product observables as well as the 
number of measurement setups involved, and at the same 
time holding good for any arbitrary state. In this report 
we focus on the possibility of such a state-independent 
demonstration by using only 5 product observables and 
2 different measurement setups, instead of 9 product ob- 
servables and 6 measurement setups that were required 
in Mermin's proof. To this end, we proceed as follows by 
first recapitulating Mermin's original proof. 

Let us consider an array of nine product observables 
suitably defined for the particles '1' and '2', each of which 
has the eigenvalue ±1 given by 
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Here, the Pauli operator al denotes the spin component 
along the x-axis of particle '1', and so on. 

Now, for any quantum state of two spin-1/2 particles, 
the following six quantum mechanical eigenvalue rela- 
tions hold good: 
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where the quantities J2i=i,2,3 = A 
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A\iA2iA3i denote the product of mutually commuting 
observables in the rows and columns respectively of the 
array given by Eq.(2). 

Next, at the level of hidden variables, if we assume that 
the individual predetermined measured values satisfy the 



same quantum mechanical eigenvalue relations given by 
Eqs. (3a-3f), then we can write the following relations in 
terms of the predetermined individual measured values 
for Ri and C'i using the 'product rule' given by Eq.(l) 
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It is seen 


from 


Eqs. (4a- 


4f) that 


on 


the left hand sides 



every product observable comes twice; hence the multi- 
plication of the left hand sides of Eqs.(4a-4f) yields +1, 
while multiplying the right hand sides one obtains — 1. 
This, obviously, is in contradiction with the quantum 
mechanical eigenvalue relations given by Eq.(3). This 
completes Mermin's proof. 

Here it is crucial to stress that it is the following form 
of the 'product rule' that has been used in the above 
argument (a la Mermin) so that, for instance, in writing 
Eq.(4f)from Eq.(3f) one needs to write 

v(C 3 ) = v(Ai 3 A 23 A 33 ) = v(A 13 )v(A 2 3)v(A33) (5) 
= v(al® a 2 z ) v (al ® al) v (al ® a 2 y ) 

Now, in probing the question whether a similar state- 
independent incompatibility proof can be formulated by 
reducing the total number of QM eigenvalue relations 
that were used in Mermin's proof, what we argue here is 
that this goal is achieved if one specifically invokes the 
'product rule' in a way so that Eq.(5) can be recast as 

v(C 3 ) = w(Ai 3 A 2 3^33) (6) 

= « K ® a z) v K ® °l) V (°£ ® °2) 

= v (al) v (a 2 z ) v (al) v (a 2 x ) v (al) v (al) 

Note that Eqs. (5) and (6) are two different ways of 
expressing the same 'product rule' where the validity of 
one necessarily entails the validity of the other. The for- 
mer(Eq.(5)) involves applying the 'product rule' at the 
level of a product observable(such as, C3) which is, in it- 
self, a product of three mutually commuting observables, 
each of which, in turn, is a product of two commuting 
observables pertaining to the particles '1' and '2' respec- 
tively. On the other hand, in writing Eq.(6), the 'prod- 
uct rule' has been first applied in the form of Eq.(5), and 
then has been invoked for the product observables (such 
as A33 ), each of which is simply a product of two com- 
muting observables pertaining to the particles '1' and '2' 
respectively. 
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Next, in order to see how the argument based on Eq.(6) 
leads to the desired simpler incompatibility proof, the 
crucial observation is that such a proof follows easily 
if only 2 (viz. Eqs.(3c) and (3f)) out of 6 QM eigen- 
value relations given by Eq. (3a-3f ) are rewritten in terms 
of the predetermined individual measured values by us- 
ing Eq. (6). In fact, the relations given by Eqs.(3a), 
(3b), (3d) and (3e), if written by using the form of the 
'product rule' given by Eq.(6), do not need to be tested 
because they hold both in QM and in the NCR mod- 
els, as has been stressed by Cabello et aLpjJ while 
proposing an experimentally realizable scheme for testing 
Peres's proof[12J as applied to an entangled state. For in- 
stance, the left hand side of the Eq.(3a) can be written 
as v(Ri) = v (al) v (i 2 ) v (i 1 ) v (afj v (al) (of) where 
v (a 2 ) and v (al) occur twice, and hence the left hand 
side equal to 1 in the NCR models, compatible with the 
relevant QM result. 

Therefore, the relations that need to be satisfied in or- 
der to ensure the consistency between QM and the NCR 
models are obtained by writing Eqs.(3c) and (3f) in terms 
of the predetermined individual measured values using 
the form of the 'product rule' given by Eq.(6). These 
relations are given by 

v(R 3 )=v (al) v (a 2 x ) v (al) v (a 2 z ) v (a' y ) v (a 2 y ) = 1 (7a) 

v(C 3 )=v (al) v (a 2 ) v (a*) v (a 2 x ) v (a l y ) v (a 2 y ) =-](7b) 

Note that, within the framework of a hidden variable 
model, Eqs.(7a) and (7b) can be interpreted as refer- 
ring to a hypothetical group of pairs corresponding to 
the same hidden variable specifying their same initial 
'complete state' for which any occurrence of a given dy- 
namical variable has the same predetermined measured 
value, irrespective of the experimental context in which 
it is measured. It is then evident that a NCR model 
based on Eq.(6) cannot satisfy both the relations (7a) 
and (7b) simultaneously that can be seen as follows. The 
multiplication of the quantities on the left hand sides 
of Eqs. ([7ajl and |7b| gives +1 since each of the quanti- 
ties v(al), v(a 2 ), v(a y ), v(a 2 ) , v(al) and v(a 2 ) appears 
twice. On the other hand, multiplying the right hand 
sides yields —1. This completes our proof of the state- 
independent incompatibility between QM and the NCR 
models. 

Next, we come to the question of an empirically 
testable formulation of our proof. We recall that 
the statistically verifiable inequality based on Mermin's 
argument has recently been proposed by Cabello(l8l|. 
and the universality of this argument has also been 
demonstrated(l9|. The MC inequality for testing the 
state-independent quantum violation of the NCR models 
is given by 

(x)mc = (Ri) + (Ri) + W + (Ci) + (C7 2 ) - (C7 3 ) < 4(8) 

Note that, for any state of two spin-1/2 particles, QM 
violates the above inequality by predicting the left hand 



side to be 6. It is interesting that very recently, this 
inequality has indeed been experimentally tested by 
using a pair of trapped ions. 

Now, note that the above inequality was derived using 
the form of the 'product rule' given by Eq.(5). In contrast 
to this scheme, here our argument uses the form of the 
'product rule' given by Eq.(6) instead of the form given 
byEq.(5). 

Then the statistically verifiable formulation of our ar- 
gument is quite straightforward as it immediately follows 
by noting that the left hand sides of Eqs.(7a) and (7b) 
represent the same product of predetermined measured 
values in any NCR model. Therefore, by using Eqs.(7a) 
and (7b), we can write the following algebraic identity 

7 = 1 + v(R 3 ) - v(C 3 ) = 1 (9) 

Subsequently, taking the ensemble averages over the dis- 
tribution of hidden variables corresponding to any given 
quantum mechanical state, one can write using Eq.(9) 

( 7 ) = (J) + (Rs) - (C 3 ) = 1 (10) 

which holds good for any NCR model satisfying the 
'product rule'. On the other hand, for any quantum 
mechanical state of two spin-1/2 particles, QM predicts 
(7)q M = 3, thereby violating the above NCR equality. 

Next, in order to compare our proof with that achieved 
in the MC proof, we note that while the relative amount 
of QM violation of the NCR models is the same for both 
these proofs, the key difference lies in the simplification 
achieved in terms of the number of observables and set- 
tings that have been used. In contrast to the 9 product 
observables( pertaining to the particles '1' and '2') and 6 
different measurement setups used in the MC proof, only 
5 product observables and 2 different measurement se- 
tups are required for the purpose of experimentally test- 
ing our proof. 

The setup for testing the NCR relation given by 
Eq.(10) can be easily adapted from the setup already 
used by Kirchmair et al.[10) to test the MC inequality 
where they have indeed measured the quantities R3 and 
C3 as defined by Eqs.(3d) and (3f) respectively by specif- 
ically using a pair of trapped ions. In particular, in this 
experiment, for a singlet state, we note that the measured 
values of the relevant quantities are {R3) — 0.90(1) and 
(C3) = —0.91(1). Thus, the relevant experimental data 
already available suffice to show the violation of our NCR 
relation given by Eq.(10) which is the simplest version of 
the MC inequality given by Eq.(8). 

Finally, we may remark that the implication of the 
'product rule' in the light of the argument given in this 
paper with regard to the vexed issue of nonlocality vis- 
a-vis contextuality is currently being probed. 
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